As a natural resource, an ecient use of wood should be also a requirement for structural timber design, but the usual structural solid sections do not achieve the required optimal behaviour. The performance of the structural elements (serviceability and strength) depends not only on the material properties, but mainly on the moment of inertia of the cross section. The Timber Construction Institute of Technische Universität Dresden has developed a process for the manufacture of structural wood proles. The resulting proles combine economy, an ecient use of the material and optimal structural performance. They are externally reinforced with composite bres, which improve the mechanical characteristics of the wood and protect it from error less than 10% to the available experimental results, with a mean error ratio less than 3%.
axial strength of bre reinforced wood proles. The analytical results are within an error less than 10% to the available experimental results, with a mean error ratio less than 3%. Our design objectives are increasingly determined by the need of a sustainable economical development. Thus, an ecient use of the available materials becomes increasingly important. Apart from the material properties, the structural and economical performance of the cross section is the most important design issue.
Structural elements must safely transfer forces and moments and simulta-neously meet the serviceability requirements. The moment of inertia of the section is a major parameter for both required tasks. However, in the case of timber, by means of the traditional transformation technologies (sawing. . . ), round or square solid cross sections are produced. These traditional cross sections are less competitive and ecient when compared to more engineered sections, such as steel proles.
From those thoughts, a procedure of manufacturing formed wooden proles has been developed and patented [1] . Wood is compressed in its transverse direction up to 50% of its original size by folding its microstructure. This densication process is reversible, and it becomes the principle of this innovative manufacturing process, where glued laminated thick solid panels of densied wood are transformed to open or closed prismatic cross sections by reversing the compression applied by means of heat and moisture and moulding [1] ( Fig. 1 ). This manufacturing principle may be applied to a wide variety of
sections: all open and closed prismatic cross-sections may be produced in a continuous manufacturing process with the appropriate pattern. The resulting prole encompasses ecient use of the material and optimal structural performance. The here proposed and analysed circular hollow sections (Fig. 1c) behave well when subjected to axial forces, so they are well suited for columns.
Depending on the wall thickness of the timber prole, an additional bre reinforced plastic (FRP) glued to the outer surface of the prole might be required to strengthen the wood [1] . Thin walled proles are prone as well to develop longitudinal cracks due to shear and tensile stresses perpendicular to the grain. Load adapted FRP reinforcement can avoid brittle type failures of the proles. Consequently, wood prots from the outstanding mechanical and physical characteristics of FRP. Wood proles are well suited for the use in The presented research work deals with the development of an analytical model to obtain the axial strength for the design of the wooden tubes reinforced with glass-breepoxy composite subjected to simple axial compression loading. and the out-of-plane normal stress σ z and the shear stresses τ xz , τ yz are small when compared with the in-plane σ x , σ y and τ xy stresses. By these assumptions, plane stress conditions are applied. Kircho hypothesis is assumed as well, and consequently normals to the reference surface are considered to remain normal and straight.
The absolute stiness matrix for a laminate, 
where   Q   is the plane stress stiness matrix of the ply material,
2.1.1 Normalized matrix for a laminate Tsai [4] proposed, instead of the previously dened (and usually employed) absolute matrix (1), the use of a normalized stiness matrix:
where the normalized matrices are dened as
The normalization of the in-plane, They also depict the dierent types of couplings which may arise in a laminate [6] . Some of them are characteristic of composite materials, and they do not occur in homogeneous isotropic materials, like the extension-shear The two remaining couplings occur in both composite and isotropic materials, and they are the extension-extension (A 12 , which corresponds to Poison's eect), and the bending-bending coupling (D 12 ).
Tsai-Wu Failure criteria
The Tsai-Wu failure criteria [4, 11] is extensively employed for the design of composite structures. It is a quadratic failure criteria, based on the tensor theory, whose general formula for an orthotropic or transversely isotropic ply under plane stress is
This general equation, when expanded for an orthotropic material (in which F xs = F ys = F s = 0) submitted to plane stress, leads to:
In (6'), and in this paper as well, contracted notation as dened by Tsai [4] is
The dierent parameters, F ij , required in (6') are dened based on the dierent strength properties of the material.
The term F xy , known as the interaction term, is dened as
To achieve a closed failure envelope, the condition
must be fullled. This is required to assure that the failure criterion is valid for any possible stress state.
Strain space
In the present work, the Tsai-Wu criterion in strain space is used. When expressed in the strain space, it is an invariant for a given ply angle. It may be thus viewed as a material property, and it may be easily used to analyse ply failure, since the CLT (Sect. 2.1) is applied just by superimposing the failure criteria for each ply. Its general formula is analogous to the previously given for the stress space, (6):
when expanded:
The parameters G ij are based on the previously dened strength parameters F ij given in (7),
The Q i parameters correspond to plane stress stiness matrix, as previously dened in (3).
The failure envelope for each ply (expressed in 1 − 2, ply axes, see and 
Interaction term for the wood
In the present research, the wood was treated as a composite material. Consequently, an adequate interaction factor F * xy for wood had to be applied. Tsai [4] recommends, in absence of good data, the following value F * xy = −0.5, which corresponds to a generalised von Mises criterion. The question is whether this value proves adequate or not for wood. In [9] , a zero interaction factor is proposed for wood.
Eberhardsteiner [10] accomplished an extensive experimental program on the failure behaviour of clear spruce. A 2nd-order curve, of the same form as that in (6'), was tted on the experimental failure results. Based on these experimental results, the interaction factor for clear spruce wood, F * xy (8), may be thus inferred as
This value may be regarded (due to the extensive research accomplished in [10] ) as a representative interaction term for spruce wood. It diers to a great extent from the value proposed by [4] . It is close to a zero value, as proposed in [9] . The dierent resulting envelopes for both interaction factors are depicted in Figure 3 . They clearly dier in the 3rd quadrant (where σ y < 0 and σ x < 0, compression perpendicular and longitudinal to the grain), where the new proposal (F * xy ≈ 0.04) is quite more restrictive.
In the 2nd (where σ y > 0, tension perpendicular to the grain) and 4th quadrants, due to the resulting rotation, the proposed interaction term allows for higher strains before failure.
As explained, the failure envelopes in the strain space are invariant [4] : with independence of the presence of other plies, their shapes remain the same. The failure of a laminate is then simply produced by superimposing the failure of its plies, adequately transformed taking into account their corresponding orientation (as shown in (12) and (13)). 
Strength ratio
The strength/stress ratio R [4, 11] is the ratio between the maximum allowable stress and the applied stresses. It gives a direct measure of the security factor for the applied loads. Hence, it must be assumed that the material response is linearly elastic. Proportional loading is as well required, so that all components of stress and strain increase by the same proportion. This latter condition means that the loading vectors in stress and strain space are kept in the same direction.
The Strength Ratio, R, may be obtained by substituting the maximum stress components into the failure criterion [11] , by means of the following relation
the failure criterion takes the form when the maximum failure values are
By solving the expression (17) for R, the Strength Ratio is obtained:
where
As dened in [4] 
Only the compressive and bending strengths were obtained in the tests. The remaining strength properties were derived from the compression strength, based on relations derived from [1517] (given in Table 1 ), are shown in Table 2.
The tension strength perpendicular to the grain is one of the critical factors for the modelling of wood. The results of a comprehensive study for solid and laminated wood cross-sections are given in [18] . The derived value for this property ( Table 2 ), 1.4N/mm 2 , is lower than the mean value given in [18] for solid wood (1.89N/mm 2 ), and it is slightly lower than the maximum for laminated wood given in [18] (1.42N/mm 2 ). Since partially densied wood is used, the derived value for this property seems adequate.
Composite reinforcement
The material properties for the composite material employed as reinforcement in the wooden tubes are obtained by means of the two component materials:
the E-Glass bre and the epoxy resin matrix.
The elastic properties for the E-Glass bre are obtained from [19] . They correspond to the standard values given for this material. The values for the epoxy resin (LN-1, produced by Vosschemie) are those given by the manufacturer, and locate between the usual properties. A bre volume of 0.33 is employed.
The micromechanics formulae in [4] are employed to derive the elastic properties of the composite:
Derivation of the longitudinal properties, E x (21) and ν x (22), are based on the usual rule of mixtures. They correspond to a parallel model, where the longitudinal bre and matrix strains are assumed to be equal.
The transversal properties, E y and G s , (23) and (24), are based on a modied rule of mixtures, as proposed in [4] . They are based on a series model, where the same stress is assumed for all the components. A stress partitioning parameter, η, thought as the ratio of the average matrix to average bre stresses, is added [4] .
It is an empirical constant, which may be back-calculated from the experimental data by assuming the bre (alone) as isotropic. Tsai [4] derived the values η y = 0.516 and η s = 0.316 for a glass-epoxy composite. These are the values used in this research. The derived material properties are given in Table 2 3
.2 Previous experimental results
Previously to the model development, herein described ve tubes, one unreinforced reference specimen (REF) and four composite reinforced tubes (CR)
were tested in axial compression [2] . The columns with a total length of 2.5m The supporting plate at the bottom of the column was xed while the upper plate was pin-supported. The steel frame surrounding the specimen was not connected to the tube. It was used to attach measurement devices (displacement transducers) and to protect the equipment from possible damagen (Fig. 4b) . In contrast to the reference, no brittle failure was observed for the composite reinforced columns. It was found that the cross sections ovalize before failing in compression due to the crushing of wood bres parallel to grain resulting into a nal local buckling failure mode (Figure 5b ). Plastic capabilities were observed for all of the reinforced tubes, where especially the CR45 tubes can be classied as ductile. The ductility D was 1.4 and 1.1 for CR45 and CR85, respectively. The specimen described above will be referred in this document as series A. In another previous experimental campaign [21] thirteen unreinforced reference and sixteen reinforced tubes were subjected to axial compressions. In contrast to CR45 and CR85, common woven glass-bre fabrics with a bre orientation of 0
• /90
• was used for to reinforce the CR090 tubes. These tubes are called series B in this document. A detailed description of the specimen and experimental results can be found in [3] .
Algorithm of the model
The experimental results (Fig. 6) show how the tube with a ±85
• reinforcement fails, when submitted to a simple compressive load, at a higher load than that with a ±45
• reinforcement.
When a standard cylindrical tube is submitted to a simple longitudinal compressive load, two dierent deformations arise. The most important is in the longitudinal direction, and it is due to the compressive load. A second deformation is produced: an expansion in the transversal (radial) direction of the tube. This latter deformation is usually disregarded. However, it may not be dismissible in the case of thin-walled wood proles. It is mainly due to the Poison eect: the material deforms in a direction perpendicular to that of the load application.
The failure of the unreinforced tubes (Figure 5a ) corresponds to this transversal deformation, which results in tension perpendicular to the grain. The high orthotropy of the wood must also be taken into account: its transversal elastic modulus is about 20 times lower than the longitudinal one (20a). The transversal strength is much lower as well, 20 (in tension) and 7 (in compression) times lower ( Table 1 ).
Assumptions
An analytical procedure to obtain the axial failure load of the tubes, based on the theories briey explained in previous Sect. 2.1 and 2.2 is developed. The response of the tubes, and the experimentally observed transversal displace-ments are assumed to be only because of the Poison eect in the material.
The proposed model applies the general laminate plate theory to obtain the material properties and the Tsai-Wu failure criteria to predict the failure. The employed algorithm is shown in Fig. 7 .
The radius-thickness ratio is r/t ≈ 7.7. The analysed tubes may be considered as moderately thick shells, for which it would be usually assumed that CLT is not applicable [20] . However, taking into account the particular characteristics of the studied laminate (made from only two layers, one moderately thick of wood, and an outer thin of FRP), and since a preliminary analytical model is aimed, Love's rst approximation is assumed (the dierence in the areas of shell wall elements above and below the middle surface is neglected [22] ).
The material is assumed to be linearly elastic; for each state of combined stresses there is a corresponding state of combined strains; proportional loading is assumed all the components of stress and strain increase by the same proportion (similarly to the assumption made in the Strength Ratio denition, see Sect. 2.2.3). The elastic properties of the wood and the composite reinforcement are those derived in Sect. 3.1 (Table 2) , obtained from the clear specimen testing and the explained formulations and ratios.
Graphical procedure
The internal stress vector is supposed to correspond to the applied loads.
Only simple axial compressive forces are applied.The experimentally measured horizontal deformation is supposed to correspond only to that due to Poison coupling. No additional transversal stress or strain are assumed or, at least, they are considered as negligible.
To obtain the transversal strain, the Poison coecient of the wood and FRP laminate is required. As explained in Sect. 2.1, it corresponds to the extension-extension coupling represented by the A 12 term on the laminate matrix. Therefore, it is necessary to know the stiness matrix of the complete material, the wood plus the bre reinforcement.
The thin layer assumption is employed. Kircho 's hypothesis is applied, and second order displacements are dismissed. The previously explained normalized stiness matrix [4] , described in Sect. 2.1.1, is applied. The corresponding stress-strains equation is
Taking advantage of the special properties of the normalized stiness matrix (4), a particular internal stress state may be applied to the composite material. As explained, the internal stress state is simplied to correspond to the external loads. In the analysed case, since only axial compressive loading is applied, 
 
The obtained strain vector, Fig. 8 ), corresponds to the previously assumed stress state (28), in which (in the depicted case) 1N/mm in compression is applied. Two dierent analytical procedures are derived, and explained in the following sections. 
As the tube is submitted to simple axial loading, uniform stress distribution is considered. The failure compressive load may be obtained multiplying the failure stress σ f by the area of the tube
Strain Ratio alternative
The previously explained procedures are based on the intersection between what could be called the response line of the wood-bre laminate(line BA) and the failure envelope (Fig. 8) . A dierent analytical procedure may be obtained, based on the Strength Ratio denition (see Sect. 2.2.3).
The Strength Ratio represents the safety factor of the material, that is to say, how many times could be the applied load multiplied before failure. Consequently, if a unity stress were applied, the value of the corresponding Strength
Ratio would be that of the failure stress. Since Laminate Theory assumes linear behaviour and relation among stress and strain, a similar Strain Ratio may be assumed, in which the actual applied strain is dened in relation to the failure strain as
where i | applied would correspond to the strain vector referred as
Therefore, as it corresponds to a unity stress state, it would result that R
The obtained strain state for a uniaxial compression stress,
, may be substituted in the strain failure criteria, and solve for R the resulting second order equation (similarly as described in (18)). Two dierent possible solutions arise. Tsai [11] stated in his Strength Ratio proposal (see Sect. 2.2.3) that only the positive root was possible. However, and as depicted in Fig. 8 , the second negative root has, in this particular case, also a physical meaning.
While the positive root corresponds to the uniaxial failure stress of the same sign (compression or tension, the same as dened in the stress vector
which corresponds to intersection point C in Fig. 8 ), the negative root, due the special uniaxial stress condition analysed here, stands for the uniaxial failure stress of the opposite sign. It would correspond to point T in the same Fig. 8 .
Consequently, this procedure allows to obtain the failure stress for both axial loading cases, uniaxial tension and compression.
As in the previous analytical procedure (see Sect. 4.3.1), since only axial stress is applied, the axial failure load corresponds to the area by the resulting failure stress, as shown in (32).
Application to the experimental results
The analytical model presented in the previous Sect. 4 is applied to the available experimental results described in Sect. 3.2. Applied bre and wood properties are those shown in Table 2 .
It is assumed that the reinforcement reduces the inuence of the imperfections of the wood. Thus, in the case of the reinforced tubes, the strength values derived from the small clear specimens tests and the derived relations are employed in the analytical model.
However, conversely to man-made composite materials, wood, as a natural material, has a strong variability in its properties. It is well known how its strength is highly dependent on the occurrence of natural defects such as knots, compression wood and grain deviation. The reader interested in the subject is referred to [14, 23] for further information. Consequently, and since it is not the subject of this paper, a reduction factor γ unr to take into account these imperfections is employed in the case of the unreinforced tube. A value of γ unr = 1.5 , which is seen as a good practical value for this issue, is chosen.
The corresponding model algorithm is programmed in MatLab. Both described analytical procedures, intersection (Sect. 4.3.1) and Strength Ratio (Sect. 4.3.2) are run. Table 3 shows the resulting stiness matrix for the CR85 and CR45 wood- couplings have been shown not to be produced in axially loaded cylinders [8] .
When the required unity stress vector (28) is applied, the corresponding strain state is obtained by solving equation (29) . Resulting strains are presented in Table 4 for each of the analysed laminates. It may be seen how the longitudinal strain is the highest, since it is the direction of the applied load. While the longitudinal strain is similar for both laminates, about 6.1 · 10 −5 , the transversal strain is about 35% higher for the CR45 laminate in comparison to the CR85.
This fact, when the high anisotropy of wood is taken into consideration, is a negative eect for the wooden tubes.
The dierent required parameters for the Tsai-Wu criteria in strain space (10') for each of the materials are given in Table 5 . Since only First Ply Failure is Table 3 Normalized stiness matrices of the CR85 and CR45 laminates considered, the envelope of the wood is the only relevant in this study.
The obtained intersection point in the strain space between the failure envelope and the response line dened according to the strain vector (30) is given in Table 6 . By means of the failure strain state and the ratio between the strain, the corresponding failure stress, may be obtained (31). Two dierent intersection points (corresponding to the axial compressive and tensional loading, respectively) among the response line and the failure envelope exist for each laminate ( Table 6 ). The obtained failure stresses for each resulting failure strain state are given in Table 7 .
The Strength Ratio procedure does not require to obtain the failure strain state. By solving the second order equation (18) , as the initially applied stress ratio corresponds to a unity stress state, its result is the value of the failure stress. Two dierent values are obtained for each laminate. Coherently, Table 6 Failure strains according to the intersection procedure (10 −3 ).
Compression Tension The experimental test results of these reinforced columns to axial centred compression demonstrate that both load-carrying capacity and ductility are enhanced by means of the composite reinforcement. In average, the reinforced tubes reach a maximum load of about 1 000kN.The highest failure loads were achieved for the columns with ±85
• glass-bre orientation (CR85), while the tubes reinforced with a ±45
• cross-ply (CR45) feature more ductility. In comparison to the unreinforced reference, the load-carrying capacity of the reinforced columns increased by factors of 1.46 and 1.22 for the CR85 and CR45 tubes, respectively. In regard to the axial stiness, the presence of reinforcement is negligible.
Herein, two dierent analytical procedures to obtain the axial failure strength of the material of the tubes have been presented: based on the intersection between the response line of the wood-bre laminate and the failure envelope, or on the Strength Ratio denition.
The proposed algorithms apply the Classical Laminate Theory and the TsaiWu criteria. For the failure criteria, an adequate value for the interaction factor in the case of wood has been proposed. This value, F * xy = 0.04, is close to a zero value, and diers to a great extent to the proposal by Tsai [4] .
The presented analytical models were applied to the available experimental results. The models are able to predict both compression and tension axial failure stresses, but only compressive failures have been experimentally done.
Hence, only the failure compressive load was validated. Two dierent experimental campaigns were used for validation. The mean error was less than 3%, 
